Abstract-The effect of the frequency dependence of the antenna voltage patterns within the bandwidth of an aperture synthesis interferometric radiometer is studied and quantified using actual antenna voltage patterns measured at different frequencies for the first nine receivers of the Microwave Imaging Radiometer with Aperture Synthesis instrument aboard the European Space Agency's Soil Moisture and Ocean Salinity mission. A technique is proposed to mitigate this effect.
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I. INTRODUCTION: THE VISIBILITY FUNCTION

S
OIL moisture and ocean salinity can be measured by microwave radiometry at L-band. To improve the achievable spatial resolution of real aperture radiometers and for the first time in Earth observation, the European Space Agency's (ESA) Soil Moisture and Ocean Salinity (SMOS) mission will use the concept of two-dimensional (2-D) aperture synthesis interferometric radiometry [1] . In this type of instrument, the actual measurements are the so-called samples of the "visibility function" obtained from the cross-correlation products of the signals collected by each pair of receiving elements (named 1 and 2) at " " and " " polarizations, respectively. Assuming that the fourth Stokes parameter is negligible so that , the equation that relates the samples of the visibility function to the polarimetric brightness temperatures in the antenna reference frame is given by [2] , [3] (1a) 
In (1), we have the following.
• is the receivers' physical temperature [2] . • and are the copolar (normalized) and cross-polar antenna radiation voltage patterns of elements 1 and 2 at polarization (" " " " or " ").
• is the antenna solid angle.
• is the so-called fringe-washing function that accounts for spatial decorrelation effects (2) which depends on the normalized receivers' frequency response ; the transit time from a given direction to the pair of elements involved, and the noise bandwidth are defined as and .
• is called the "baseline" and corresponds to the antenna spacing between elements 1 and 2 (located in the X-Y plane) normalized to the wavelength at the central frequency .
• are the director cosines with respect to the X and Y axis. In this study, the impact of the frequency dependence of the antenna voltage patterns is analyzed. Section II deals with the radiometric accuracy degradation due to errors in the characterization of the antenna voltage patterns. Section III deals with the impact of the antenna pattern frequency dependence on the visibility samples, and finally Section IV estimates the impact on the radiometric accuracy if this frequency dependence is neglected. A method is proposed to minimize this effect. That is, for small antenna pattern errors, the sensibility to antenna pattern errors of the rms radiometric accuracy computed for all pixels in the instrument's field of view is roughly 35 K/dB (Fig. 1, solid line) .
B. Different Antenna Patterns
If antenna patterns are different and measured with finite accuracy, more sophisticated image reconstruction algorithms must be used. The formulation of the problem consists of the discretization of the set of linear equations given by (1a)-(1c) and casting them in matrix form [4] , [5] (5) Antenna pattern measurement errors translate into errors in the matrix elements, which in turn translate into errors in the reconstructed brightness temperature image. Depending on the size of the matrix and the computing resources, (5) can be inverted using the Moore-Penrose pseudoinverse as in [4] , a conjugate-gradient algorithm as in [5] , an iterative algorithm as in [6], a singular value decomposition, etc.
Numerical simulations neglecting the cross-polar patterns 1 ) are shown in Fig. 1 using (circled crosses) or not (circled dots) the available redundant baselines (different antenna pairs leading to the same value) present in the array. As it can be appreciated, independent errors in different antennas have an averaging effect, reducing the impact on the retrieval error down to an rms radiometric accuracy sensibility of 9.12 K/dB ( Fig. 1 , circled crosses) for pixels in the instrument's field of view. Similarly, for small antenna pattern phase errors the radiometric accuracy degrades and the associated sensibility is 1.11 K/ for K [7] .
III. IMPACT OF THE ANTENNA VOLTAGE PATTERN FREQUENCY DEPENDENCE IN THE VISIBILITY FUNCTION
In the derivation of (1) all studies have always implicitly assumed that the only frequency-dependent magnitudes are the normalized receivers' frequency responses . However, the antenna voltage patterns do also present a small variation within the receivers' bandwidth ( and ) and actually the terms within brackets in (1) should appear inside the integral of the fringe-washing function (2) . To simplify the notation, only the frequency dependence will be made explicit in each product of antenna patterns ( or ). In this case, (1) can be rewritten as 2 (6a) 2 In (6), it is implicitly assumed that is constant. To include its frequency dependence, it suffices to replace R and C by R = p and 
At L-band the available relative bandwidth is about 2% ( MHz, MHz), therefore at each direction the antenna voltage patterns' variation with frequency is small. For the first Microwave Imaging Radiometer with Aperture Synthesis (MIRAS) SMOS antennas it is actually % in amplitude and in phase, as shown in Figs. 2 and 3 . Therefore, (6a)-(6c) can each be split into four integrals containing a product of the antenna voltage patterns or , and which, for the sake of simplicity, will be noted as . Since the antenna voltage pattern frequency dependence is small, at each direction, each of the integrals versus frequency can be evaluated using a Taylor series of the product of the antenna voltage patterns around , as in (7), shown at the bottom of the page, which can be expressed in terms of the derivatives of the fringe-washing function (8) The actual shape of the receivers' frequency response is not rectangular. However, around ( ns), the fringewashing function has a sinc-like shape for the amplitude, and the phase can be very well approximated by a second-order polynomial (9) where being different from 1 is an amplitude error, is the equivalent noise bandwidth for a baseline, is the effective difference between the delays of the two channels involved in the correlation, is due to a frequency mismatch between receivers and the nominal center frequency, and accounts for a distortion of the phase response. Note that the phase of (9) at is zero since it is already calibrated by noise injec- (Fig. 4) . To evaluate the impact of the frequency dependence of the antenna radiation voltage patterns, the derivatives of (9) at are computed and substituted in (8)
In addition, the derivatives of the product of the antenna voltage patterns can be numerically approximated by (11), shown at the bottom of the next page. Inserting (10) and (11) in (8) leads to (12), shown at the bottom of the next page, where -the exponential term with corresponds to the exponential term in (1); Fig. 4 . Fringe-washing functions computed for a representative pair of LICEF (MIRAS/SMOS receivers) [5] : from measured receiver frequency responses (solid line) and by the three delay technique (dots) and approximated by a sinc function for the amplitude and a second-order polynomial for the phase (dashed line). The phase slope error is attributed to a time delay introduced in the measurement of the frequency response.
-the term corresponds to the amplitude of the fringe-washing function at the origin; -the first term within the brackets corresponds to the sum of the zeroeth and the second-order terms and corresponds to the weighted average of the products of the antenna voltage patterns at and with weights 1/4, 1/2, and 1/4, respectively; -the last term within the brackets is the first-order term and accounts for asymmetries in the antenna patterns products around the central frequency , and it is equivalent mainly to a phase error. Since , (12) can be approximated by the term within the brackets in (12) (13)
If the antenna pattern frequency dependence were neglected, an error will be committed. This error can be associated to an antenna voltage pattern error given in (14), shown at the bottom of the page. Fig. 5 shows the magnitude of this error computed for antennas #2 and #4 at Y-polarization, except for a 1/4 scale factor. The rms values of the first and second-order error terms associated to each antenna pair 4 are computed for . Numerical results are summarized in Tables I and II indicating the minimum, mean, and maximum rms error at X-and Y-polarizations, both for the real and imaginary parts. The impact on the rms radiometric accuracy of neglecting the antenna pattern frequency dependence can be estimated as follows.
• For the product of the normalized antenna patterns : -the average rms error is % for the real part, and % for the imaginary part, which translates into an rms amplitude error of % (or equivalently dB); -the average rms phase error is %.
• Assuming that the associated error is the same for all patterns, the amplitude and phase rms errors associated with each pattern are: % % (or equivalently dB) and , which translate into a degradation of the radiometric accuracy of (Section II-B):
which should be added quadratically to other error terms in the radiometric accuracy error budget. In the MIRAS/SMOS case the current total rms radiometric accuracy estimate is K (Table II of [9] ), which will degrade up to K if the antenna voltage pattern frequency dependence is neglected.
However, if each of the products of the antenna voltage patterns used in the image reconstruction algorithms (1) are replaced by the weighted average given in (15), shown at the bottom of the previous page [term within brackets in (13)]. The residual impact of the antenna pattern frequency dependence on the radiometric accuracy (pixel bias) is negligible, since error terms in Table I are 4 orders of magnitude smaller than those in Table II .
V. CONCLUSION
The impact of antenna voltage pattern errors has been studied, including the impact of the frequency dependence, which has been evaluated using the first nine antenna voltage patterns measured by EADS-CASA (July 2002) at 1403, 1413, and 1423 MHz for the MIRAS/SMOS receivers. If each pair of antenna voltage pattern products in (1) are replaced by the weighted average of the antenna voltage patterns measured at , and with weights 1/4, 1/2, and 1/4, the impact on the rms radiometric accuracy is negligible. However, if only the patterns at the central frequency are used in the formulation of the image reconstruction the rms radiometric accuracy will degrade from 2.40 to 2.54 K.
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